Broad area Vertical-Cavity Surface-Emitting Lasers (VCSELs) have peculiar polarization properties which are a field of study by itself.
INTRODUCTION
Nowadays, practically all information-related technologies rely on photonics. This can certainly be explained using economical and/or historical perpectives, but the unique properties of light definitely played a great role in its importance in this application field.
One can, by example, make use of the polarization properties of light to multiplex signals: two orthogonal polarization components can carry a different signal along their propagation, using the very same polarization maintaining optical fiber or path in air, at the same time.
Photonics is also appealing for applications in information related technologies because of the variety of possibilities offered by the nonlinear interaction between light and matter. Using this interaction can allow to generate pulses that keep their temporal or spatial shape during their propagation. These pulses are called solitons. When a soliton is generated inside a cavity, it is called a Cavity Soliton (CS). This object is a nonlinear dissipative structure that occurs in various fields of nonlinear science (see recent overviews on this issue 5-7 ). They have been proposed very early to be used as pixels for information transmission and storage. [8] [9] [10] [11] In this idea, the surface of a laser is used as a screen, on which a pixel-map made of spatial CSs is drawn.
However, up to now, this application could possibly not be realized, as a pixel does contain (color) information in a three parameter space, whereas the only information contained in a CS is the fact that it exists or not (a bit). It is hence possible to realise a bitmap using CSs, but, as far as we know, no pixel-map.
A better understanding of CS's polarization could help reaching this multiplexing goal. We published recently a note 12 about that topic in a Vertical-Cavity Surface-Emitting Laser (VCSEL) submitted to linearly polarized optical injection with a varying polarization angle. The experimental results were described using the VCSEL spin-flip model, 13, 14 to which diffraction was added. The aim of this paper is to further investigate this model, as it proved to be adapted to describe the polarization dynamics of CSs in VCSELs.
This communication is organised as follows: in the next section, we introduce a description of the experimental setup that has been used, alongside with the corresponding experimental data. In section 3, we introduce the VCSEL spin-flip model. In section 4, we perform a classification of different stability regimes. Finally, in section 5, we conclude.
EXPERIMENT
The experimental setup is the one described in 12 and in Fig. 1 . The VCSEL is a 80 µm diameter bottom-emitting multiple quantum well VCSEL similar to the ones described in. 15 This VCSEL has a lasing threshold of 42.5 mA when kept at 25
• C. When being pumped close to its optical threshold, the light it emits is almost exclusively vertically polarized, 16 and centered around 983.2 nm. Its emission profile, when pumped slightly above threshold, has a particular structure which is often called daisy mode. In the first part of the experiment, our setup allows to record the power emitted by the VCSEL (using the photodiode marked PD 2 in Fig. 1 ), its optical spectrum (using an Optical Spectrum Analyser ANDO AQ6317-B), and its near field profile (using a CCD camera).
The Master Laser (ML) is a commercial external cavity diode laser in Littrow configuration (Sacher Lasertechnik TEC-0960-060), isolated from the rest of the setup and whose power is monitored using the photodiode marked PD 1 in Fig. 1 . As its wavelength is tuned slightly above 983.2 nm, it can lock the VCSEL. 17 If one then tunes its optical power into the locking region (using either the half-wave plate λ/2 for a fixed direction of the Glan-Thompson prism or using a Variable Optical Density Filter (VODF)), a bistability of the power emitted by the VCSEL as a function of the injection power can be recorded. It is worth noting that this bistability is associated with the appearing or disappearing of a localized spot in the near field profile of the VCSEL, which is a signature of a CS. An example thereof is shown in Fig. 2 .
Once this experiment has been realized, and it has hence be proved that the bright dot appearing in the VCSEL near field is a CS indeed, the Stokes parameters of the CS can be measured. An iris is then set in the VCSEL path, to isolate the CS from the rest of the profile. A quarter-wave plate and a Glan-Thompson prism are used as well, in front of the photodiode PD 2 , to follow a textbook procedure of measuring Stokes parameters.
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The procedure can then be repeated for different directions of the linearly polarized optical injection. Results for this angle varying from 0 to 90
• are shown in Fig. 3 . As Ψ increases, one notices an evolution of the s 1 and s 2 parameters that tend to follow the optical injection linear polarization. However, as shown in Fig. 3c) Figure 2 . VCSEL output power as a function of injected power. Each measurement has been marked with its corresponding near-field profile. a) and b) are close ups of the marked data points. VCSEL current was set at 45.0mA, and it was kept at 25
linearly polarized part of the CS has a direction slightly different than the one of the optical injection. It is also worth noticing the clearly nonzero s 3 in Fig. 3d) , that demonstrates the non neglectible ellipticity of the CSs' polarization, and hence its vectorial nature.
MODEL
In order to describe the results presented in the former section, we consider, as in, 12 the spin-flip VCSEL model described in 13, 14 in which we have added diffraction. This model reads
In these equations, E x (resp. E y ) is the complex electric field envelope in the horizontal (resp. vertical) polarization direction. κ is the photon lifetime, γ a is the VCSEL amplitude anisotropy, α is the linewidth enhancement factor and γ p is the VCSEL phase anistropy. ∆ω is the frequency detuning between optical injection and VCSEL. N + n is the number of carriers generating clockwise polarized light, whereas N − n is the number of carriers generating counterclockwise polarized light. Ψ is the angle between horizontal axis and optical injection linear polarization direction. a is a scaling factor accounting for diffraction. The operator ∇ 2 acts in the (x, y) plane. γ is the carrier relaxation rate. µ accounts for current injection. γ s is the spin flip rate that accounts for relaxation of the carrier population difference n.
ANALYSIS
In this section, we investigate the different stability regimes of the equations 1-4 in the vicinity of the parameters that have been used in 12 to describe the experimental results presented in this communication.
These parameters yield: α = 3, γ = 1 ns The starting point for discussion is Fig. 4a) . When the injection is zero, the homogeneous steady state of the system is unstable. When one gradually increases injection strength E I , the unstable state begins to coexist with a Turing unstable state (point A). Very soon after a further increase of E I , the unstable lower state becomes stable (point B), while the upper branch of the hysteresis stays Turing unstable. Further increasing the optical injection power leads to a disappearing of the lower branch of the hysteresis (point C). The upper Turing unstable branch finally becomes stable after some threshold optical injection power is reached (point D). In our parameter set, increasing the frequency detuning between the injection and the VCSEL (when moving from Fig.  4a) to Fig.4c) ) has several effects:
1. It enlarges the transition threshold from a unstable state towards a stable state on the lower branch: the point B moves to the right.
2. It lowers the transition threshold from a Turing unstable state towards a stable state on the upper branch: the point D moves to the left.
3. It enlarges the transition threshold from a single state towards a bistable state, as well as the transition between a bistable state and a single state: points A and C move to the right.
4. The width of the hysteresis loop is also slightly enlarged: the distance between points A and C increases.
This analysis allows to find several parameter sets for finding CSs. Indeed, when a Turing unstable state coexists with a stable state, CSs can be generated inside the system. This is illustrated in Fig. 5 , that is a numerical simulation of Eqs. 1-4 with the parameters of Fig. 4c ) and E I = 0.5, expressed in terms of Stokes parameters (S 0 , S 1 , S 2 , S 3 ) and populations (N, n). Fig. 4c ) and EI = 0.5.
